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I. INTRODUCTION
Microscale acoustofluidic devices are used increasingly in biology, environmental and forensic sciences, and clinical diagnostics as reviewed in the Lab Chip Tutorial Series [1] , reprinted by the Royal Society of Chemistry in the book Microscale Acoustofluidics [2] .
Following the standard method described in textbooks such as Lighthill [3] , Pierce [4] , and Landau & Lifshitz [5] , we formulate the linear acoustics in fluids and elastic solids, as well as the non-linear acoustic dynamics in fluids using first-and second-order perturbation theory in the notation established in the textbook by Bruus [6] . The basic fields in both fluids and solids are the density ρ, the stress tensor σ, the internal energy density ε, and the temperature T . These fields are supplemented in the fluids by the pressure p and the velocity v, and in the solids by the displacement u.
II. GOVERNING EQUATIONS
For fluids, advection causes non-linearities, and the governing equations are formulated in terms of the fluxes of the mass density ρ, the momentum density ρv, and the energy density ρ ε + 1 2 v 2 under the simplifying assumption of no net body forces and no heat sources,
where the stress tensor σ f for fluids is
Here, the material parameters are the shear viscosity η 0 , the bulk viscosity η B , and the thermal conductivity k th , while 1 is the unit tensor and 'T' means tensor transpose. For elastic solids with an isobaric thermal expansion coefficient α p , an isothermal compressibility κ T , and a specific heat ratio γ, the governing equations are linear due to the lack of advection,
where the stress tensor σ s for solids is given in terms of the longitudinal and transverse sound speeds c L and c T , respectively,
III. ACOUSTIC PERTURBATION THEORY
We consider a system initially at rest, and which has the density ρ 0 and velocity v = 0. We assume that the system is perturbed by imposing an harmonically oscillating displacement with a small position-dependent amplitude d on parts of the boundary. As a result, harmonic variations ρ 1 in the density and v 1 in the velocity are induced. For a medium with the speed of sound c 0 , the magnitude of the perturbation can then be characterized by the dimensionless acoustic Mach number Ma,
Typically in microscale acoustofluidics Ma ≈ 10 −4 , so a perturbation expansion of any field f in order of Ma makes sense, f = f 0 + f 1 + f 2 + . . ., where f n ∝ Ma n . We expand the non-linear fluid equations to second order, while the linear solid equations terminate at first order,
A. The first-order equations
Using the complex-valued representation e −iωt of harmonic time dependence with angular frequency ω, the actuation of the system is modeled by prescribing the motion of its exterior boundaries at positions r 0 ,
All first-order fields thus have the form g 1 = g 1 (r) e −iωt , which changes the time derivative into a simple complexvalued factor, ∂ t → −iω, and consequently, all first-order terms contain the harmonic phase-factor e −iωt . This factor is divided out leaving the time-independent, complexvalued amplitude fields g 1 (r).
For fluids in the isentropic case, we have the simplifying relations p 1 = c 2 0 ρ 1 and T 1 = α p T 0 c p ρ 0 p 1 , and the governing equations for the first-order fields become
where the first-order stress tensor σ 1f is Eq. (2) with all fields substituted by first-order fields. Similarly for the solids, we obtain the simplified first-order equation of motion,
At internal fluid-solid interfaces with the surface normal vector n, we demand continuity of the velocity and stress fields,
, internal fluid-solid interfaces. (10) B. The time-averaged second-order equations
The basic acoustofluidic dynamics takes place in fluids on a ms-time scale, much slower than the ultrasonic µs-time scale. It is therefore described by the time-averaged response over one oscillation period, denoted by angled brackets . . . in the following. The terms of lowest order contributing to this time average are second-order terms. Moreover, since the time-average of the time derivative ∂ t g of any field g in time-periodic systems vanish, ∂ t g = 0, the second-order governing equations of fluids become
In terms of the momentum flux density tensor
the second-order equation (11b) becomes
On the boundary, the velocity is oscillating harmonically, so there v = 0. On the other hand, a boundary point with the time-averaged position r 0 has the timedependent position r = r 0 + u 1 , so by a second-order Taylor expansion v(r) = v(r 0 ) + u 1 (r 0 ) · ∇v(r 0 ) . Thus on the boundary 0 = v 2 + u 1 · v 1 , and using u 1 = i ω v 1 from Eq. (10), the boundary condition for v 2 becomes
IV. THE RADIATION FORCE
In a series of papers, we have studied the acoustic radiation force F rad on a spherical particle of radius a suspended in an inviscid [7] , viscous [8] , and thermoviscous fluid [9] with kinematic viscosity ν 0 and thermal diffusivity D th . When exposed to an incident acoustic wave of angular frequency ω and wavenumber k, a viscous and thermal boundary layer of width δ s = 2ν 0 /ω and δ t = 2D th /ω, respectively, develop at the particle surface. In the long-wave limit a, δ s , δ t 1/k, we can express F rad as the time-averaged momentum flux through any static surface ∂Ω 0 encompassing the particle,
In spite of Eq. (13), the expression for F rad is not zero because of delta-function singularities which appear in ∇ · Π 2 due to the scattering of the incident acoustic wave on the particle. When properly evaluating these singularities we find [8] ,
where p in 1 and v in 1 are the first-order pressure and velocity fields of the incident acoustic wave evaluated at the particle position, κ 0 is the isentropic compressibility of the fluid, while f 0 and f 1 are the so-called mono-and dipole scattering coefficients, respectively. The latter are involved functions of the material parameters as shown in Ref. [9] . For a fluid particle (a droplet), f 0 becomes
H(x t , x t ) = 1
where the tilde represent the droplet-to-medium ratio of the various material parameters, and where H(x t , x t ) is a function of the particle radius a through the nondimensionalized thermal wavenumber x t ≈ (1 + i)a/δ t for the fluid medium, and likewise for x t of the droplet.
Similarly, f 1 becomes
where x s = (1 + i)a/δ s is the non-dimensionalized shearviscous wavenumber for the fluid medium, and likewise for x s of the droplet.
A full experimental verification of our theoretical expression for the acoustic radiation force has not yet been carried out. However, we have successfully obtained partial experimental verifications [10] [11] [12] .
V. ACOUSTIC STREAMING IN HOMOGENEOUS FLUIDS
In a series papers, we have studied theoretically and numerically the acoustic streaming in hard-walled acoustofluidic devices [13] [14] [15] [16] [17] . All types of time-averaged acoustic flows are driven by an acoustic body force f ac , which is given in terms of the non-zero divergence of the acoustic part Π ac of the momentum-flux-density tensor Π 2 . We define f ac as [18] 
where Π ac is the part of Π 2 that contains all the time-averaged products of first-order acoustic fields,
In this expression, p 11 is a local time-averaged acoustic pressure. Using the body force f ac , we rewrite Eq. (11b) as an equation for a body-force-driven Stokes flow,
(20) For a planar rigid wall and a homogeneous fluid, we recover the well-known Rayleigh streaming, with pairs of vortices and anti-vortices each with a spatial extension of
. In the same work we added tracer particles and studied the transition in particle dynamics from being dominated by the radiation force to be dominated by the Stokes drag force from the acoustic streaming. We determined the critical radius a 0 for the cross-over between these two regimes to be around 1 µm for polystyrene particles in water at 2 MHz [13, 19] .
In subsequent studies of rectangular microchannels, we compared the theoretical predictions of our streaming model with experimental observations for the standard case of a horizontal standing half-wave acoustic resonance. In Ref. [19] we verified experimentally the model for the cross-over from radiation-force to streaming-drag dominated particle dynamics, and in Ref. [14] we found good agreement between experimental, analytical, and numerical determinations of streaming-dominated particle paths in all three spatial dimensions. Finally in Ref. [16] , we found good agreement between theory and experiments for the handling of sub-µm particles in the special case of single-vortex streaming obtained by phase-specific oscillation of both pairs of opposite walls in a rectangular channel.
VI. ACOUSTIC BODY-FORCE HANDLING OF INHOMOGENEOUS SOLUTIONS
Recently, it was discovered experimentally that inhomogeneities in density ρ 0 , compressibility κ 0 , and viscosity η 0 of a fluid, introduced by a solute concentration s, can be relocated and stabilized into field-dependent configurations by use of acoustic fields [20, 21] . Based on the separation of the fast µs-time-scale t of acoustics and the slow ms-time-scale τ of hydrodynamics, we subsequently developed the following theory [18] for the acoustic body force responsible for the observed phenomena.
The density ρ is written as the sum of the slowly evolving hydrodynamic density ρ 0 and the quickly oscillating density perturbation ρ 1 ,
where ρ 1 is associated with the acoustic pressure and velocity fields p 1 and v 1 . Now, the two equations for p 1 and ρ 1 cannot be combined into one as in Eq. (8), so inhomogeneous acoustics are given by three equations,
The fluid inhomogeneity is caused by a solute concentration field s = s(r, τ ), which is being transported on the slow timescale τ . The density ρ 0 s(r, τ ) , compressibility κ 0 s(r, τ ) , and viscosity η 0 s(r, τ ) are all functions of the solute concentration, and consequently the hydrodynamics is governed by the Stokes equation with body forces (acoustics and gravity) for the velocity field v, the continuity equation for ρ 0 , and the advectiondiffusion equation of the solute s,
∂ τ s = −∇ · − D∇s + vs .
Usual streaming in the homogeneous viscous case [13, 14] is obtained using s = 0 and f ac of the form
The recently discovered slow-time-scale relocation of solute inhomogeneities into stable field-dependent configurations is obtained in the inhomogeneous inviscid case, for which s = 0 and and f ac reduces to [18, 22] f invisc ac
In the general inhomogeneous viscous case, which we are currently studying, the streaming flow co-develop with the solute relocation using f ac from Eq. (19) ,
VII. DISCUSSION
Central aspects and selected examples of these recent theoretical developments in the field of microscale acoustofluidics will be discussed at the Nobel Symposium on Microfluidics, Sånga-Säby, Sweden, 5 -8 June 2017.
